Abstract. Topological orders are a class of exotic states of matter characterized by patterns of long-range entanglement. Certain topologically ordered systems are proposed as potential realization of fault-tolerant quantum computation. Topological orders can arise in two-dimensional spin-lattice models. In this paper, we engineer a time-dependent Hamiltonian to prepare a topologically ordered state through adiabatic evolution. The other sectors in the degenerate ground-state space of the model are obtained by applying nontrivial operations corresponding to closed string operators. Each sector is highly entangled, as shown from the completely reconstructed density matrices. This paves the way towards exploring the properties of topological orders and the application of topological orders in topological quantum memory.
Introduction
The emergence of topological order in fractional quantum Hall effect has broadened our understanding of phases of matter [1, 2, 3] . Phases of matter are much richer than those describable by symmetry-breaking. In the framework of Landau theory [4, 5, 6] , all phases of matter were thought to be characterized by different symmetries and their phase transitions were associated with broken symmetries. The discovery of distinct fractional quantum Hall states, which have exactly the same symmetries [3, 7] were the first solid evidence that the Landau symmetry-breaking paradigm is inadequate. In particular, these phases cannot be distinguished by local order parameters. Microscopically, topological order corresponds to patterns of long-range entanglement [8] . Topological entanglement entropy for example can be used as a nonlocal order parameter to (partially) identify the topological phases [9, 11] .
Topological orders are of basic scientific interest not only for their topological properties in condensed matter physics [12, 13, 14, 9, 10] but also for their potential application in fault-tolerant quantum computation [15, 16, 17, 18] . This mainly relies on the robustness of degenerate ground states [12] and their patterns of long-range entanglement [8] . Topologically ordered states support degenerate ground states when the system is placed in a geometry with non-trivial topology. In two dimensions, its ground-state degeneracy depends on the genus of the Riemann surface it lives in. Because any two orthogonal sectors in ground-state sub-space are related by noncontractible loop operators, local perturbations only lead to local errors that can be easily detected and corrected. This translates into effective correction of both phase flip and bit flip errors in explicit models. These properties are attractive for constructing a robust memory register [19, 20] .
Two-dimensional spin-lattice models exhibit topological orders [15, 21, 22] . However, such models usually include many-body interactions that have not been found in natural physical systems. Feynman suggested that [23] a well-controlled quantum system can be used for the efficient simulation of other quantum systems. This implies that one can bypass limitations set by natural materials, and study detailed quantum phenomenon of exotic systems via quantum simulations. Quantum simulation could be realized by various physical platforms such as trapped ion [24] , superconducting circuit [25] , nuclear magnetic resonance (NMR) [26] , and so on. There have been a lot of successful demonstrations in simulating condensed matter physics [27, 28, 29] , highenergy physics [30] , atomic physics [31] , quantum chemistry [32, 33] , and cosmology [34, 35] . Quantum simulation thus provides a powerful tool to investigate topological order [36, 37, 38, 39, 40] .
In this paper, we realize the Hamiltonian of Wen-plaquette spin-lattice model with Z 2 topological orders in an NMR system. There are four-fold degenerate ground states when the Hamiltonian is chosen to have doubly periodic boundary condition, i.e., we have placed the system on a torus. Following the method proposed by Hamma et al. [41] , a topologically ordered state is experimentally prepared through adiabatically engineering the time-dependent Hamiltonian. The other sectors in the degenerate ground-state subspace are obtained by performing two nontrivial closed string operations. We reconstruct the density matrices for each sector using complete quantum state tomography technology. The results show that each sector exhibits maximum entanglement. It is a central step to prepare degenerate topologically ordered states for studying topological quantum phase transition [36] , measuring modular matrices [38] , constructing robust quantum memory, and so on.
Wen-plaquette model
The Wen-plaquette model building on an N × N square lattice is illustrated in figure 1 , where each site accommodates a spin 1/2 [22] . Its Hamiltonian is written as
Here 
The ground state degeneracy D depends on the genus g of the Riemann surface, i.e., D = 2 2g . If the Riemann surface has genus g, we can define 2g non-contractible strings that connect different topological sectors in L. For example, on a torus its four-fold degenerate ground states can be described by using two nontrivial closed strings of γ 1 and γ 2 ,
Here the string operators are defined as T x (γ) = j∈γ σ x j . The initial topological sector |ψ
given by the equal superposition of all contractible closed strings including no string (or say the string is a point). It is not difficult to find that T x (γ 3 ) = p∈f X p , namely, the product of all plaquette operators in the surface f that satisfies ∂f = γ 3 . And for the case of no string, its corresponding operator is the identity matrix I. All operators corresponding to such strings form a group denoted as G. Its elements are generated by n = (N 2 − 2)/2 independent plaquette operators in the white sublattice, i.e., g s = n p=1 X sp p , s p ∈ {0, 1}. Thus,
where |G| is the number of elements in G. Also, |0 stands for spin-up states along the z axis. According to the closure of group and the commutation relations, we can prove that X p |ψ
for all p, ν 1 , ν 2 . Therefore, the states of |ψ
constructed from equations (3) and (4) are indeed the ground states of the Hamiltonian (1). Besides, it shows that ψ
, meaning that, different topological sectors are orthogonal.
A unit cell on a torus is illustrated in the red box of figure 1, which consists of 2 × 2 spins. Although it is the smallest system, the properties of topological orders are still presented in the Wen-plaquette spin-lattice model since they describe fixed wavefunction An unit cell [22]. This validity also follows from the fairly short-range spin-spin correlations [36] . Under the periodic boundary condition, we can get the Hamiltonian
Two nontrivial loop operators are
and all contractible closed-string operators form a group, i.e., G = {I, X p }, which are generated by one independent plaquette operator, i.e., X p . So from equations (3) and (4), the four-fold degenerate ground states can be described as follows,
Here we work with basis states which are eigenstates of σ z at each site. The theory shows that each topological sector in equation (6) Figure 2 .
(a) Molecular structure of lodotrifluroehtylene, where 13 
Experiment
The experiment was carried out on a Bruker AV-400 spectrometer (9.4T ) at room temperature T = 300 K. We chose one 13 C and three 19 F nuclear spins of Iodotrifluroethylene (C 2 F 3 I) as a 4-qubit quantum simulator. Its molecular structure and relevant parameters are shown in figures 2(a) and 2(b). The natural Hamiltonian of this system under weak coupling approximation iŝ
where ω j represents the chemical shift of spin j and J jk the coupling constant between spin j and spin k. The quantum system was firstly prepared in the initial pseudo-pure state (PPS):ρ 0000 =
1− 16
I+ |0000 0000| using line-selective approach [44] , with I representing 16 × 16 identity operator and ≈ 10 −5 the polarization. Note that |0000 is the ground state ofĤ 0 = − 4 j=1σ z j . We then adiabatically prepare the ground state |ψ 
where the parameter function s(t) increases monotonically from 0 at t = 0 to 1 at t = T . The energy levels ofĤ(t) as the function of the parameter s(t) are shown in figure 3(a) . The red and green curves represent the ground-state and first excited-state energies, respectively. To ensure that the system is prepared to the ground state of target Hamiltonian at t = T , the variation of the control parameter has to be slow sufficiently, i.e., satisfing the adiabatic condition [45] ,
This condition determines the optimal sweep of control parameter s(t), which was interpolated with M discretized scan steps. The duration of each step is defined as τ = T /M . Thus the adiabatic condition is satisfied when both T, M → ∞ and τ → 0. To determine the optimal M in the adiabatic transfer, we numerically simulated the minimum fidelity F min encountered during the scan as a function of the number of steps, as shown in figure 3(b) , where we fixed the total evolution time T = 2.9982. The fidelity is calculated as the overlap of the theoretical and simulated ground states at each step of adiabatic evolution. In the experiment, we discretized into M = 7 steps and the minimal fidelity F min is ≥ 0.99, which indicates that the state of the system is always close to its instantaneous ground state in the whole adiabatic passage. The adiabatic evolution for each step can be decomposed by Suzuki-Trotter expansion as
with l = 0, 1, · · · , M . This expansion faithfully represents the targeted evolution if the duration τ provided is kept sufficiently short. Due to [X p , Z p ] = 0, we have
Here the four-body interaction Z p is effectively created by a combination of RF pulses and free evolutions of NMR system [46, 47] : , y, z) . Therefore, the adiabatic evolution for each step can be implemented by the pulse sequences, as shown in figures 4(a) and 4(b) . This z , where 13 and θ 3 = ω 4 /J 12 + 4ω 4 s(l)τ /πJ 13 . simulation method is in principle efficient, provided the decoherence time is long enough. In order to overcome the accumulated pulse errors and the decoherence, each step of adiabatic evolution e −iĤ[s(l)]τ (l = 0, 1, 2, ..., M ) was optimized by the gradient ascent pulse engineering (GRAPE) algorithm [48] . The GRAPE pulses of e −iĤ[s(l)]τ were designed to have the pulse length of 30 ms and theoretical fidelity of over 0.99 in experiments.
Once the initial topologically ordered state |ψ (0,0) g was prepared via the adiabatic evolution, the other topological sectors in L were obtained by performing noncontractible string operators T
, the transition between different topological sectors are forbidden during the adiabatic evolution. These nontrivial operators make it possible to have experimental access to different topological sectors. The resulting 13 C spectra for different quantum states are illustrated in figure 5 , after a readout pulseR 
, and |ψ
(1,1) g , respectively. To further confirm the experiments, we reconstructed the quantum state density matrices using the complete tomography technology [49] . The coefficients of 256 operators for a full density matrix of fourqubit state can be obtained by performing 44 independent experiments. These readout pulses are shown in Table. 1, which involve 28 local rotations and 3 SWAP gates. They were realized by GRAPE pulses with the length of 400 µs for local rotations, 9 ms for SWAP gates between 13 C and F 1 , F 2 , and 30 ms for SWAP gate between 13 C and F 3 , respectively. The reconstructed results are shown in figure 6 , with the fidelities being 96.46%, 96.59%, 96.06% and 96.06% for four topological sectors in L, respectively. The receivable fidelities ensure that it is successful to adiabatically prepare the topological orders with patterns of long-range entanglement.
These experimental results are in good agreement with theoretical expectations. The relatively minor deviations can be attributed mostly to the imperfections of adiabatic approximation, GRAPE pulses and the spectral integrals.
The theoretical infidelities of adiabatic approximation and GRAPE pulses are around 1%. Taking both errors into account, the numerical simulation gives the fidelities of 97.59%, 97.96%, 97.56% and 97.75% for four topological sectors. Though we used the spectral fitting method in experiments, there are about 1% ∼ 1.5% errors from the spectral integrals by the comparison of the simulated and experimental results.
Discussion and conclusion
The Wen-plaquette spin-lattice model with Z 2 topological order is supported by fourbody interactions, which is very rare and yet to be found in naturally occurring systems. Quantum simulation provides a powerful means to investigate these systems. Using an NMR simulator, we realized the model on a 2 × 2 lattice on a torus. A topologically ordered state was experimentally prepared through adiabatically engineering the timedependent Hamiltonian and the other sectors in the degenerate ground-state manifold were obtained by performing two non-contractible string operations. The experimental results were confirmed by the complete quantum state tomography. From the reconstructed density matrices, it shows that each topological sector is maximally entangled. The experiment demonstrated the feasibility of adiabatic method to prepare topological orders. In Ref. [41] , it was also shown that the adiabatic timescale T scales at worst only as √ n for a system of n spins, which means that we can apply the method to larger and more generic systems. The successful preparation of different topological sectors in degenerate ground-state manifold is crucial towards further study of robust properties of topological phase, and initial construction of topologically fault tolerant quantum memory.
